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REMARKS ON ENTROPY FORMULAE FOR LINEAR HEAT EQUATION
YUCHENG JI
Abstract. In this note, we prove some new entropy formula for linear heat equation on static
Riemannian manifold with nonnegative Ricci curvature. The results are simpler versions of Cao
and Hamilton’s entropies for Ricci flow coupled with heat-type equations.
1. Introduction
In G. Perelman’s remarkable paper
P
[5], he derived an entropy formula for Ricci flow coupled with
conjugate heat equation. This formula played an important role in the proof of Poincare´ conjecture.
Inspired by Perelman’s result and the early work of P. Li and S.-T. Yau
LY
[3] on the Harnack inequality
for linear heat equation, L. Ni
N
[4] proved an entropy formula for linear heat equation on Riemannian
manifold with static metric, and also obtained some geometric applications. His result can be seen
as ‘the linear version’ of Perelman’s entropy.
On the other hand, also motivated by Perelman’s work, X. Cao and R. Hamilton
CH
[2] and X. Cao
C
[1] proved some new entropy formulae for Ricci flow. To illustrate the difference bewteen their
work and Perelman’s, we shall recall that Perelman’s entropy is for the fundamental type (heat-
kernel type) solution of conjugate heat equation (under Ricci flow). In contrast, Cao and Hamilton
considered both forward and backward heat equations with potentials, and general positive solutions
instead of fundamental type solutions of those heat equations.
In this note, we will combine the ideas of Ni and of Cao and Hamilton. Namely, we are going
to prove an entropy formula for linear heat equation which is counterpart of entropy formulae for
Ricci flow proved by Cao and Hamilton, just as Ni’s entropy is counterpart of Perelman’s entropy
in the case of linear heat equation on static manifold. Namely, we will prove:
Theorem 1.1. Let (M,g) be a closed Riemannian manifold of dimension n and with nonnegative
Ricci curvature. Let f be a positive solution to the heat equation
(1.1)
∂f
∂t
= ∆f.
Here the Laplacian is defined as gij∂i∂j . Let f = e
−u, and we define
F =
∫
M
(t2 |∇u|2 − 2nt)e−udVg,
then for all time t > 0,
F ≤ 0
and
∂F
∂t
≤ 0.
We will reduce the proof of two entropy formula to the proof of following differential Harnack
inequality:
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Proposition 1.2. Let (M,g) be a closed Riemannian manifold of dimension n with nonnegative
Ricci curvature. Let f be a positive solution to the heat equation (1.1), u = − ln f and
H = 2∆u− |∇u|2 −
2n
t
.
Then for all time t > 0,
H ≤ 0.
Remark 1.3. Compare Theorem 1.1 (and Proposition 1.2) with Theorem 4.1 (and Theorem 1.1)
in
CH
[2], we can easily see that these are ‘linear version’ of those:
Proposition 1.4. (Theorem 1.1 in
CH
[2]) Let (M,g(t)), t ∈ [0, T ), be a solution to the Ricci flow
∂gij
∂t
= −2Rij
on a closed manifold of real dimension n, and suppose that g(t) has nonnegative curvature operator.
Let f be a positive solution to the heat equation (1.1), u = − ln f and
H = 2∆u− |∇u|2 − 3R−
2n
t
.
Then for all time t ∈ (0, T ),
H ≤ 0.
Theorem 1.5. (Theorem 4.1 in
CH
[2]) Assume the same conditions as the theorem above. Let
F =
∫
M
t2He−udVg,
then for all t ∈ (0, T ), we have F ≤ 0 and
dF
dt
≤ 0.
The rest of this note is organized as follows. In section 2, we will give the proof of Proposition
1.2. An integral version of the Harnack inequality (Theorem 2.3) will also be given. In section 3, we
will discuss about Ni’s entropy. Finally, in section 4, the proofs of Theorem 1.1 will be completed.
Acknowledgment. The author would like to thank his advisor, Prof. Zhiqin Lu for his constant
support and many helpful conversations.
2. Proof of Proposition 1.2.
In this section we will prove the differential Harnack estimate Proposition 1.2. The strategy is
similar as in
CH
[2] and
C
[1]; we shall first derive a general evolution formula for function H. Let us
consider positive solutions of the heat equation (1.1):
∂f
∂t
= ∆f,
let f = e−u, then ln f = −u. We have
∂
∂t
ln f = −
∂
∂t
u,
and
∇ ln f = −∇u,∆ ln f = −∆u.
Hence u satisfies the following equation,
(2.1)
∂u
∂t
= ∆u− |∇u|2 .
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Lemma 2.1. Let (M,g) be a Riemannian manifold of dimension n and u be a solution of (2.1).
Let
H = α∆u− β |∇u|2 − b
u
t
− c
n
t
where α, β, b and c are constants that we will pick later. Then H satisfies the following evolution
equation:
∂
∂t
H = ∆H − 2∇H · ∇u− 2(α− β)
∣∣∣∣∇i∇ju− λgij2t
∣∣∣∣
2
− 2(α − β)Ric(∇u,∇u)
−
2(α− β)
α
λ
t
H −
(
b+
2(α− β)β
α
λ
) |∇u|2
t
+
(
1−
2(α − β)
α
λ
)
b
u
t2
+
(
1−
2(α − β)
α
λ
)
c
n
t2
+ (α− β)
nλ2
2t2
,
where λ is also a constant that we will pick later.
Proof. The proof follows from a direct computation. We calculate evolution equation of H term
by term. First, since M has static metric,
∂
∂t
(∆u) = ∆(
∂
∂t
u)
= ∆(∆u)−∆(|∇u|2);
Secondly,
∂
∂t
|∇u|2 =
∂
∂t
(gij∇iu∇ju)
=gij(∇i
∂u
∂t
)∇ju+ g
ij∇iu(∇j
∂u
∂t
)
=2∇(∆u) · ∇u− 2∇(|∇u|2) · ∇u;
Since
∆(|∇u|2) =gij∇i∇j(g
αβ∇αu∇βu)
=gαβ
(
gij∇i∇j(∇αu)
)
∇βu+ g
αβ∇αu
(
gij∇i∇j(∇βu)
)
+ gijgαβ(∇i∇αu)(∇j∇βu) + g
ijgαβ(∇j∇αu)(∇i∇βu)
=2∆(∇u) · ∇u+ 2 |∇∇u|2 ,
and by Ricci identity
∆(∇u) · ∇u = ∇(∆u) · ∇u+Ric(∇u,∇u),
So we get that
∂
∂t
|∇u|2 =∆(|∇u|2)− 2 |∇∇u|2 − 2∇(|∇u|2) · ∇u− 2Ric(∇u,∇u).
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Combine with (2.1), we arrive at
∂
∂t
H =∆H − α∆(|∇u|2) + 2β |∇∇u|2 + 2β∇(|∇u|2) · ∇u
+ 2βRic(∇u,∇u) + b
|∇u|2
t
+ b
u
t2
+ c
n
t2
=∆H − 2∇H · ∇u− 2(α− β) |∇∇u|2
− 2(α − β)Ric(∇u,∇u) − b
|∇u|2
t
+ b
u
t2
+ c
n
t2
=∆H − 2∇H · ∇u− 2(α− β)
∣∣∣∣∇i∇ju− λ2tgij
∣∣∣∣
2
− 2(α − β)Ric(∇u,∇u) − 2(α − β)
λ
t
∆u
+ (α− β)
nλ2
2t2
− b
|∇u|2
t
+ b
u
t2
+ c
n
t2
=∆H − 2∇H · ∇u− 2(α− β)
∣∣∣∣∇i∇ju− λ2tgij
∣∣∣∣
2
− 2(α − β)Ric(∇u,∇u) −
2(α − β)
α
λ
t
H
−
(
b+
2(α − β)
α
λβ
) |∇u|2
t
+
(
1−
2(α− β)
α
λ
)
b
u
t2
+ (α− β)
nλ2
2t2
+
(
1−
2(α − β)
α
λ
)
c
n
t2
.

In the above lemma, let us take α = 2, β = 1, b = 0, c = 2, λ = 2. As a consequence, we have
Corollary 2.2. Let (M,g) be a Riemannian manifold of dimension n, f be a positive solution of
heat equation (1.1); u = − ln f and
(2.2) H = 2∆u− |∇u|2 −
2n
t
,
then we have
∂
∂t
H = ∆H − 2∇H · ∇u− 2
∣∣∣∣∇i∇ju− λgij2t
∣∣∣∣
2
− 2Ric(∇u,∇u)−
2H
t
− 2
|∇u|2
t
.
Now we can finish the proof of Proposition 1.2.
Proof of Proposition 1.2. Since M is a closed manifold, it is easy to see that for t small enough
H(t) < 0. Then by Corollary 2.2 and the maximum principle of heat equation,
H ≤ 0
for all time t, when M has nonnegative Ricci curvature. 
We can now integrate the inequality along a space-time path, and have the following:
Theorem 2.3. Let (M,g) be a Riemannian manifold of dimension n and with nonnegative Ricci
curvature. Let f be a positive solution to the heat equation (1.1). Assume that (x1, t1) and (x2, t2),
with t2 > t1 > 0, are two points in M × (0,∞). Let
Γ = inf
γ
∫ t2
t1
|γ˙|2 dt,
REMARKS ON ENTROPY FORMULAE FOR LINEAR HEAT EQUATION 5
where γ is any space-time path joining (x1, t1) and (x2, t2). Then we have
f(x1, t1) ≤ f(x2, t2)
(t2
t1
)n
e
Γ
2 .
Proof. Since H ≤ 0 and u satisfies
∂u
∂t
= ∆u− |∇u|2 ,
we have
2
∂u
∂t
+ |∇u|2 −
2n
t
≤ 0.
If we pick a space-time path γ(x, t) joining (x1, t1) and (x2, t2) with t2 > t1 > 0, then along γ, we
get
du
dt
=
∂u
dt
+∇u · γ˙
≤ −
1
2
|∇u|2 +
n
t
+∇u · γ˙
≤
1
2
|γ˙|2 +
n
t
,
thus
u(x2, t2)− u(x1, t1) ≤
1
2
inf
γ
∫ t2
t1
|γ˙|2 dt+ n ln
(t2
t1
)
.
By the definition of u and Γ we obtain
f(x1, t1) ≤ f(x2, t2)
(t2
t1
)n
e
Γ
2 .

3. About Fundamental Solutions of Heat Equation
In this section, we consider fundamental solutions of heat equation (1.1). Let f = (4pit)−
n
2 e−v,
then v = − ln f − n2 ln(4pit). We have
∂
∂t
ln f = −
∂
∂t
v −
n
2t
,
and
∇ ln f = −∇v,∆ ln f = −∆v.
Hence v satisfies the following equation:
(3.1)
∂v
∂t
= ∆v − |∇v|2 −
n
2t
.
Lemma 3.1. Let (M,g) be a Riemannian manifold and v be a solution of (3.1). Let
P = α∆u− β |∇u|2 − b
u
t
− c
n
t
where α, β, a, b and d are constants that we will pick later. Then P satisfies the following evolution
equation:
∂
∂t
P = ∆P − 2∇P · ∇v − 2(α − β)
∣∣∣∣∇i∇jv − λgij2t
∣∣∣∣
2
− 2(α − β)Ric(∇v,∇v)
−
2(α − β)
α
λ
t
P −
(
b+
2(α− β)β
α
λ
) |∇v|2
t
+
(
1−
2(α − β)
α
λ
)
b
v
t2
+
(
1−
2(α − β)
α
λ
)
c
n
t2
+ (α− β)
nλ2
2t2
+ b
n
2t2
,
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where λ is also a constant that we will pick later.
Proof. The proof again follows from the same direct computation as in the proof of Lemma 2.1.
Notice that the only extra term b n2t2 comes from the evolution of v. 
Now again we analyze all the terms in the equation here. To apply the maximum principle of
linear heat operator, we must make sure all the terms after ∆P are either mutiple of P , first order
variation of P , or some terms with definite negative sign. Obviously we can’t control the sign of
the term
(
1 − 2(α−β)
α
λ
)
b v
t2
(because v can have indefinite sign on M), so we must kill this term.
Then we have two choices:
(1) 1− 2(α−β)
α
λ = 0.
In this case, we have the evolution equation becomes
∂
∂t
P = ∆P − 2∇P · ∇v − 2(α − β)
∣∣∣∣∇i∇jv − λgij2t
∣∣∣∣
2
− 2(α − β)Ric(∇v,∇v)
−
P
t
− (b+ β)
|∇v|2
t
+
α2
4(α − β)
n
2t2
+ b
n
2t2
.
So obviously we must have α − β ≥ 0, b+ β ≥ 0 and α
2
4(α−β) + b ≤ 0. Then
α2
4(α−β) − β ≤ 0, which
is just (α−2β)
2
4(α−β) ≤ 0. This forces us to choose α = 2β = −2b > 0, λ = 1. Now c is only the constant
needs to be determined. Since P should be negative at t = 0, any strictly positive number would
work for c. Let’s just set c = −b. Hence after a rescaling, we obtain the entropy of L. Ni (see
N
[4],
Theorem 1.2):
P = 2∆v − |∇v|2 +
v
t
−
n
t
.
From the argument above, we can see that Ni’s entropy is the unique entropy of heat equation in
this case. In fact, it is not only the counterpart of Perelman’s entropy, but also the counterpart of
one of Cao and Hamilton’s entropies (see
CH
[2],Theorem 1.2), on the static manifold.
(2) b = 0.
Here the evolution equation reads
∂
∂t
P = ∆P − 2∇P · ∇v − 2(α − β)
∣∣∣∣∇i∇jv − λgij2t
∣∣∣∣
2
− 2(α − β)Ric(∇v,∇v)
−
2(α − β)
α
λ
t
P −
2(α − β)β
α
λ
|∇v|2
t
+
(
1−
2(α− β)
α
λ
)
c
n
t2
+ (α− β)
nλ2
2t2
.
In this case, we may have various differential inequalities. If we take α = 2, β = 1, c = 2, λ = 2,
then
Corollary 3.2. Let (M,g) be a Riemannian manifold of dimension n, f be a positive fundamental
solution of heat equation; v = − ln f − n2 ln(4pit) and
(3.2) P = 2∆v − |∇v|2 −
2n
t
,
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then we have
∂
∂t
P = ∆P − 2∇P · ∇v − 2
∣∣∣∣∇i∇jv − λgij2t
∣∣∣∣
2
− 2Ric(∇v,∇v) −
2P
t
− 2
|∇v|2
t
.
However, P is the same thing as H in Proposition 1.2.
On the other hand, we can also take α = 2, β = 0, c = 1, λ = 1, then we indeed get the classical
Li-Yau differential Harnack inequality (see
LY
[3]):
Corollary 3.3 (Li-Yau). Let M be a Riemannian manifold of dimension n and with nonnegative
Ricci curvature, f be a positive fundamental solution of heat equation; v = − ln f − n2 ln(4pit) and
(3.3) P = 2∆v −
n
t
,
then we have
∂
∂t
P = ∆P − 2∇P · ∇v − 4
∣∣∣∣∇i∇jv − λgij2t
∣∣∣∣
2
− 4Ric(∇v,∇v) −
4P
t
.
So by the maximum principle, P ≤ 0 for all t > 0.
4. Proofs of Theorem 1.1.
In this section, we complete the proof of monotonicity of the entropy given in Theorem 1.1.
First, let (M,g) be the closed Riemannian manifold, and f be a positive solution of heat equation
(1.1). Let u = − ln f and H as in (2.2), we define
F =
∫
M
t2He−udVg,
it is easy to observe that
F =
∫
M
t2He−udVg =
∫
M
t2(2∆u− |∇u|2 −
2n
t
)e−udVg
=
∫
M
t2(|∇u|2 −
2n
t
)e−udVg +
∫
M
t2(2∆u− 2 |∇u|2)e−udVg
=
∫
M
t2(|∇u|2 −
2n
t
)e−udVg − 2t
2
∫
M
∆(e−u)dVg
=
∫
M
(t2 |∇u|2 − 2nt)e−udVg.
Here we used Stokes theorem for the last equality. So F is indeed the entropy we have in Theorem
1.1.
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Proof of Theorem 1.1. F ≤ 0 follows directly from H ≤ 0. For time derivative of F , using (2.1)
and Corollary 2.2 we have
d
dt
F =
∫
M
t2He−udVg
=
∫
M
(
2tHe−u + t2e−u
∂
∂t
H + t2H
∂
∂t
e−u
)
dVg
=
∫
M
(
t2e−u
(
∆H − 2∇H · ∇u− 2
∣∣∣∣∇i∇ju− λgij2t
∣∣∣∣
2
− 2Ric(∇u,∇u) − 2
|∇u|2
t
)
+ t2H∆e−u
)
dVg
=
∫
M
(
∆(t2He−u)− 2t2e−u
( ∣∣∣∣∇i∇ju− λgij2t
∣∣∣∣
2
+Ric(∇u,∇u) +
|∇u|2
t
))
dVg
= −2t2
∫
M
(
e−u
( ∣∣∣∣∇i∇ju− λgij2t
∣∣∣∣
2
+Ric(∇u,∇u) +
|∇u|2
t
))
dVg ≤ 0.
Since M has nonnegative Ricci curvature. 
Remark 4.1. In fact, if we turn the time direction back, then Proposition 1.2 is also the counterpart
of:
Proposition 4.2. (Theorem 1.1 in
C
[1]) Let (M,g(t)), t ∈ [0, T ), be a solution to the Ricci flow
on a closed manifold of real dimension n, and f be the positive solution to the backward heat-type
equation
∂f
∂t
= −∆f + 2Rf,
with τ = T − t, u = − ln f , and
H = 2∆u− |∇u|2 + 2R−
2n
τ
.
Then for all t ∈ [0, T ),
H ≤ 0.
and
Proposition 4.3. (Theorem 1.3 in
C
[1]) Let (M,g(t)), t ∈ [0, T ), be a solution to the Ricci flow on
a closed manifold of real dimension n, and suppose that g(t) has nonnegative scalar curvature. Let
f be the positive solution to the conjugate heat equation
∂f
∂t
= −∆f +Rf,
with τ = T − t, u = − ln f , and
H = 2∆u− |∇u|2 +R−
2n
τ
.
Then for all t ∈ [0, T ),
H ≤ 0.
Likewise, Theorem 1.1 is the counterpart of
Theorem 4.4. (Theorem 4.1 of
C
[1]) Assume the same conditions as in Proposition 5.6. Let
F =
∫
M
τ2He−udVg,
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then for all t ∈ (0, T ), we have F ≤ 0 and
dF
dt
≥ 0.
and
Theorem 4.5. (Theorem 4.2 of
C
[1]) Assume the same conditions as in Proposition 5.7. Let
F =
∫
M
τ2He−udVg,
then for all t ∈ (0, T ), we have F ≤ 0 and
dF
dt
≥ 0.
It’s interesting to see that though the entropies under Ricci flow are different in the forward and
the backward case, they yet reduce to the same one in static case. We hope to see more geometric
applications of these new formulae in the future.
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